ABSTRACT Motivated by recent experimental observations, where differentially coherent detection outperforms coherent detection on certain underwater acoustic channels, we revisit the performance of these two methods with respect to the achievable rate in orthogonal frequency-division multiplexing systems. Our comparison is based on a class of time-varying channels, where coherent quadrature phase shift keying (QPSK) detection requires channel estimation through a set of designated pilot symbols, while differentially coherent QPSK (DQPSK) enjoys an almost pilot-free detection. We show that given the cost of pilot overhead and channel estimation errors, the average rate achievable with DQPSK can be higher than that of QPSK. We use analytical results to identify channels for which this is the case, and expand the results to larger constellation sizes such as 8PSK, 16PSK, and 16QAM. In addition to acoustic channels, wireless radio channels with unusually long delay spread or high Doppler spread, such as those found in unmanned aerial systems and high-speed trains, may also benefit from using differentially coherent detection. In general, differentially coherent detection is favored in rapidly time-varying channels which require large pilot overhead and/or whose bit error rate performance is dominated by channel estimation errors. Our analysis includes the results for array receivers and soft detectors, showing that the favorable parameter range for differentially coherent detection expands significantly in both cases.
I. INTRODUCTION
The bit error rate (BER) of quadrature phase shift keying (QPSK) and differential QPSK (DQPSK) has been extensively analyzed in the literature for both additive white Gaussian noise (AWGN) and fading channels. It is well known that coherent detection has a 3 dB gain over differentially coherent detection on Rayleigh fading channels [1] ; however, this gain is contingent upon a perfectly known channel. In contrast, differentially coherent detection does not require any knowledge of the channel, and thus may perform better than QPSK due to the limitations of channel estimation accuracy and the number of pilot symbols needed to estimate the channel.
Numerous analyses have focused on the cost of channel estimation for coherent receivers operating over time-varying channels, ranging from decision-feedback equalizers (DFE) in single-carrier mode (see e.g. [2] ) and multi-carrier OFDM receivers with pilot-based channel estimation (e.g. [3] , [4] ), to decision-directed OFDM receivers (e.g. [5] , [6] ). These references, as well as other related research, show that regardless of the channel estimation method used, channel estimation becomes a challenging task in highly time-varying channels. The restrictions that it imposes should thus be considered in a meaningful performance analysis.
These facts lead to the question of whether coherent receivers can be outperformed by their differentially coherent counterparts in highly time-varying channels. Reference [7] addresses this question for single-carrier communication systems, where the effect of outdated channel estimation is shown to increase the BER of coherent QPSK receivers above that of differentially coherent receivers in the high SNR regime. It is also shown that the achievable rate follows a similar trend with coherent receivers being outperformed for high SNR scenarios.
Reference [8] addresses the same question for OFDM communication systems by comparing the coded BER performance of a coherent receiver operating in decision-directed mode with that of a differentially coherent receiver. An interesting finding of this comparison is that in one of the scenarios, low-complexity differentially coherent detection outperforms coherent detection at higher SNRs. Although the same error correction code was used for both receivers, the coherent receiver required a training overhead of 10% compared to a negligible overhead for the differentially coherent receiver.
Another comparison is made in Reference [9] , where DQPSK is shown to be capable of providing lower BER than QPSK in OFDM systems over highly time-varying channels. However, in this comparison, a pre-coding technique which dedicates half of the carriers to inter-carrier interference (ICI) reduction is used for DQPSK. Insertion of known symbols reduces the information rate by 50% which is not reflected in the BER analysis. In contrast, coherent QPSK employs ICI equalization without a significant penalty on the rate.
More recently, [10] focused on the error exponent for massive single-input multi-output (SIMO) systems operating over Ricean fading channels where the line-of-sight (LOS) component is known to the receiver. The authors reinforced the notion that with a dominant LOS, estimating the residual Rayleigh component is not worth the pilot overhead.
Finally, [11] compared the performance of QPSK and DQPSK over underwater acoustic channels through an experimental data analysis to show that DQPSK can significantly outperform QPSK both in terms of coded BER and mean squared error (MSE). The specific DQPSK receiver of [11] employed dedicated pre-processing for ICI reduction, while coherent receivers operated in decision-directed mode to track the channel from one OFDM block to the next. Although this reference does not provide a generalized comparison between QPSK and DQPSK, it carries two key conclusions. One is that DQPSK has a tendency to outperform QPSK on certain underwater acoustic channels, and the other is that there exists an effective ICI mitigation technique for OFDM receivers operating in differentially coherent mode with a negligible reduction on the information throughput.
The observations made so far motivate the need for a generalized comparison between coherent and differentially coherent receivers that is fair not only in terms of the BER, but in terms of the information throughput (bit rate) as well. Such a comparison will help in understanding why and when differentially coherent detection outperforms coherent detection.
To answer this question, we revisit the performance of QPSK and DQPSK on time-varying channels. Our present comparison differs from that of [7] in the following ways: We consider the effect of imperfect channel estimation, take the reduction of rate due to pilot overhead into account, and optimize pilot insertion strategy to ensure optimal implementation of the coherent receiver. At the same time, our results are more general than those of [8] as we make no assumptions about a specific receiver algorithm or a specific forward error correction (FEC) code. Our work also differs from [10] as we assume that the DQPSK receiver has no additional knowledge of the channels, while the QPSK receiver depends solely on the channel estimate obtained from the pilots.
In order to provide a fair comparison between QPSK and DQPSK, we address the following two aspects. First, we take the cost of channel estimation into account. Second, we select the parameters of the QPSK receiver optimally, such that if it is outperformed by the DQPSK receiver, a suboptimal design cannot be blamed, i.e. no further improvements are possible. Our comparison is based on the average achievable bit rate, so as to fully reflect the impact of pilot overhead. 1 We focus on the framework of an OFDM system where a portion of carriers in each OFDM block are designated as pilots to assist with estimating the channel.
To ensure a proper design for the coherent receiver, we optimize the ratio of pilots, and employ a channel estimator that takes advantage of the sparseness of the channel impulse response. It is shown in [8] that this optimal division depends on the average SNR, the fading rate, and the number of channel taps (multipath profile). Here, we assume that the length of the OFDM block is maximized without exceeding the coherence time of the channel, a selection that is in accordance with increasing the channel utilization ratio. We assume a block fading channel model where the channel is fixed during one OFDM block, but may change from one OFDM block to another. Therefore, we re-estimate the channel for every OFDM block using the dedicated pilots. The optimal ratio of pilot carriers then simply becomes a function of the average SNR and the number of channel taps.
We consider both single-element receivers and receiver arrays where maximum-ratio combing (MRC) is applied. We also consider soft detection as well as hard detection. Our results lead to a classification of channels according to their multipath profile and available SNR, where we identify regions (classes of channels) that favor either coherent of differentially coherent QPSK. The results also indicate that employing multiple receiving elements and applying soft detection have a more pronounced impact on the performance improvement of DQPSK receiver as compared to the QPSK receiver, and therefore significantly broaden the range of channels for which DQPSK outperforms QPSK.
The paper is organized as follows. In Sec. II we describe the system model. We formulate the BER and the average achievable rate in Secs. III and IV, respectively. In Sec. IV-B we extend the findings to soft decision detectors.
Sec. V contains numerical illustration of the results. Sec. VI concludes the article.
II. SYSTEM MODEL
In a properly designed OFDM communication system with Doppler spread that is negligible with respect to carrier spacing, the signal received on the k-th carrier can be modeled as
where d k is the transmitted data symbol, H k is the channel coefficient, and z k is zero-mean, circularly symmetric Gaussian noise with variance σ 2 z . We define the SNR as
where we assume a normalization such that E{|d k | 2 } = 1 and E{|H k | 2 } = 1 for all carriers. With coherent detection, the receiver forms the QPSK decision variable aŝ
whereĤ k is the estimated channel coefficient. While coherent receiver estimates the channel through designated pilot carriers, differentially coherent detection relies on the assumption that the channel coefficients do not change significantly between adjacent carriers, i.e. that H k ≈ H k−1 . Here, we focus on differential encoding/detection in the frequency domain, as it simultaneously reinforces coherence across carriers and boosts the channel utilization ratio [9] , [11] . The channel estimate is now effectively replaced by the signal received on the neighboring carrier.b
The transmitted symbols d k are then related to the original information symbols
, with the initial symbol set to a known value, e.g. d 0 = 1. Note that for the coherent and differentially coherent modulations considered here, we assume that |b k | = |d k | = 1 without loss of generality.
We assume block-fading for each carrier, where the channel coefficients H k conform to the Rayleigh model. Since all the carriers follow the same distribution, their average achievable rate will be the same. Consequently, the total average achievable rate in bits/s/Hz will be equal to that of one carrier. We refer to this value as the average rate.
III. BIT ERROR RATE
The achievable rate for receivers that use hard detection depends on the BER of the underlying hard detector. Therefore, we investigate the BER of the QPSK and DQPSK receivers first, and then use this BER to find the rate.
If the channel coefficients H k obey a Rayleigh model, the average bit error rate on each carrier is given by (see [1] , Appendix C)
where
is the relevant correlation coefficient. Note that µ does not depend on k as all the channel coefficients are assumed to be identically distributed.
The correlation coefficient µ depends on the receiver design, i.e. on the particular channel estimate used. Here, we compare three receivers: coherent detector with ideal channel knowledge, coherent detector with pilot-based channel estimation, and a differentially coherent detector. Since our focus is on QPSK signals, we simply refer to the coherent and differentially coherent receivers as QPSK and DQPSK in what follows.
When the channel is perfectly known to the coherent receiver, we have thatĤ k = H k , and the correlation coefficient becomes
If the channel is estimated using pilot symbols, we model the channel estimates aŝ
where w k is the estimation error (effectively, an additional noise term) which depends on the average SNR, the number of pilots, and the particular estimation method used. An effective channel estimation algorithm exploits the sparsity of the channel impulse response. If the channel impulse response is dominated by J taps, the channel estimation error will be complex Gaussian with variance (see [12] for details)
where α is fraction of the carriers designated as pilots. If the multipath delays coincide with an integer number of samples and delays are known to the receiver, then J equals the number of multipaths, P. However, if that is not the case, J will equal the multipath spread measured in samples. In general, J will be between P and the guard interval T g measured in samples T g B . With the channel estimation error, the correlation between the channel estimate and the received symbol will be
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where λ = E{H * k−1 H k } describes the correlation between adjacent carriers. When there is perfect coherence between adjacent carriers (very narrow carrier spacing), λ = 1, but we will also consider the case where this correlation is less than perfect.
IV. ACHIEVABLE RATE A. HARD DETECTION
Given a communication system with QPSK modulation and an average bit error rate P b , the ideally achievable rate is twice the capacity of the binary symmetric channels, and is given by [ 
The rate is further decreased by the fraction α of pilots needed to estimate the channel. Therefore, the achievable rate is [13] 
This rate is based on using an ideal error-correction code. Note also that we ignore the guard interval in the calculation of the achievable rate as its effect is the same for all detection methods, and we are focusing on the comparison, not absolute performance.
The BER P b is a function of α for coherent detection, and therefore, there is a trade-off in the rate R: a small α leads to poor channel estimation, while a large α leads to high overhead. This trade-off is demonstrated in Fig. 1 . Shown in the figure is the average rate as a function of the pilot ratio. Circles point to the optimal pilot ratio for which the average rate is maximized. The optimal value of α depends on the average SNR for QPSK.
It can be observed from Fig. 1 that more pilots are needed at lower SNRs. This result closely resembles the one obtained in [14] , where the aim is to designate an optimal ratio of the transmit power to pilot symbols. Reference [13] also demonstrates a similar concept. For DQPSK, α is set to 1/K , as only one symbol is sacrificed to start the differentially coherent detection.
Once the value of α is set, the correlation coefficient µ can be calculated for a given detection method, and the corresponding BER follows from (5). The BER finally determines the average rate (13) . Table 1 summarizes the steps involved in calculating the average rate.
The BER performance can be significantly improved with the use of a receiver array. Given an array of M receiving elements that observe independent Rayleigh fading channels, the average BER is given by [1] 
where ρ = µ/ 2 − µ 2 , and µ can be evaluated from (7), (10) or (11) depending on the detection method. Note that since we assume independent fading across the carriers, the diversity order is the same as the number of receiver elements.
B. SOFT DETECTION
Unlike hard detection, where decisions made on the data estimates (3) are fed to the decoder, soft detection uses the estimates (3) directly. Soft detection can improve the BER performance by about 2 dB on AWGN channels [1] , [15] . If differentially coherent detection is used, the same is true for the estimates (4). For a given channel realization, the average rate of a soft detector operating with equiprobable symbols is given by the average mutual information between the transmitted and received signals (see e.g. [1, Sec. 6.4 
where pD(d) = 
The corresponding pdf can be evaluated numerically and used in (15) to calculate the rate. The same approach is used for calculating pB(b); the only difference is in the values of σ 2 w used in the characteristic function. The rateR is the conditional average rate that depends on the channel, or more specifically, on the power G = |H k | 2 . In other words,R =R(G). The average rate is obtained as
where p G (g) is the pdf of the channel strength. For Rayleigh fading, we have the exponential distribution
The average rate for the three cases considered (QPSK with perfect/imperfect channel state information (CSI); DQPSK), is now obtained by replacing σ 2 w in (16) by an appropriate value. For QPSK with perfect CSI we have that σ 2 w = 0; for QPSK with imperfect CSI, σ 2 w is given by (9) , and for DQPSK, we have that σ 2 w = σ 2 z .
V. NUMERICAL RESULTS
We present the results for on an OFDM system with 256 carriers. The corresponding symbol period is short enough to support the assumption of a block fading channel. We estimate the channel for each block using pilots if coherent detection is employed. Fig. 2 shows the optimal pilot ratio as a function of the number of channel taps for a QPSK system. Various curves in this figure correspond to different values of the SNR and a different number of receiving elements. An interesting observation to be made from this result is that larger receiver arrays and higher SNRs require fewer pilots. This trend is explained by the fact that the achievable rate saturates at 2 bps/Hz; hence, when the SNR is high, it is beneficial to sacrifice channel estimation accuracy for reduced pilot overhead. However, the number of pilot carriers must be greater than or equal to the number of channel taps for the channel to be observable. This limit is shown in the figure as the shaded area. Throughout the rest of our analysis, we assume that the fraction of pilot carriers is selected optimally. Such selection ensures a fair comparison with differentially coherent detection which does not require pilots for channel estimation. In other words, if coherent detection is outperformed by differentially coherent detection, improper receiver design will not be the culprit. Fig. 3 compares the average rates achievable by QPSK and DQPSK. The average rate is shown vs. the number of channel taps that need to be estimated. For QPSK, this is a decreasing function (solid curves), while DQPSK performance remains insensitive to the channel length (dashed lines). When the channel impulse response is dominated by a single tap (i.e. the frequency response is flat), QPSK outperforms DQPSK at all SNRs. However, as the number of channel taps increases, channel estimation becomes more challenging, and the number of required pilots grows. Eventually, the cost of channel estimation reduces the average rate of QPSK to below that of DQPSK. The crossing points are marked with circles. Note that in the soft detection case, DQPSK performs better than QPSK at a lower number of channel taps than that found in the hard decision case. Fig. 4 extends the performance comparison to multielement receivers. As expected, diversity provides a significant improvement for both QPSK and DQPSK. As the order of diversity grows, the average rate increases, eventually saturating at the maximum of 2 bps/Hz. Note that saturation plays in favor of DQPSK as coherent detection needs at least J pilot carriers even with a high diversity order (e.g. M = 8).
The crossing point of the performances, indicated by circles in Figs. 3 and 4 , can be interpreted as the border of a region that divides the operating conditions into those that favor coherent, and those that favor differentially coherent detection. Fig. 5 shows these regions in the multipath-SNR plane. Each delineating curve corresponds to hard/soft detection and a particular diversity order. If the channel parameters fall on the right of a delineating curve, DQPSK outperforms QPSK in terms of the average rate. Otherwise, coherent detection is the better choice, provided an optimal number of pilots. An interesting observation to be made from this figure is that as the number of receiver elements grows, the boundary moves in favor of differentially coherent detection, opening up the range of operating conditions (SNR, multipath profile) for which differentially coherent detection is the preferred choice. This effect occurs because the channel capacity saturates at 2 bits/Hz for QPSK, and therefore, at high SNR (or high diversity order) the capacity is dictated by the number of data symbols, which is greater for DQPSK.
While Fig. 5 specifies the QPSK/DQPSK preference regions, the question remains to be answered: Where do typical underwater acoustic channels fall in that figure, and how do they compare to wireless radio channels? To answer this question, we normalize the number of channel taps to express it as a fraction of the number of carriers, and show the results in Fig. 6 . Solid curves in this figure correspond to the optimally selected fraction of pilots α, while dotted curves correspond to α = 1/21, the value used in the longterm evolution (LTE) standard. Indicated by the shaded ovals are the regions typical of several systems.
On the far right in this figure lie the channel parameters for two underwater acoustic experiments. The first experiment is the Mobile Acoustic Communications Experiment (MACE), conducted near Rhode Island in June 2010. Transmissions were made in the 10 kHz -15 kHz acoustic band, over 2 km -7 km in 100 m deep water. The second experiment is the Kauai Acomms MURI (KAM) which was conducted near Kauai Island, Hawaii, in 2011. Transmissions were made in the 8 kHz -32 kHz acoustic band over 3 km in 100 m deep water. These two experiments are labeled as MACE'10 and KAM'11 in the figure. More details about the experiments can be found in [11] . For these channels, the preferred region is clearly that of differentially coherent detection. This situation is in contrast to the typical wireless radio channels, such as those specified by the LTE standard models. We included Extended Vehicular A model (EVA), where we assumed that the receiver knows the time of arrival of all 9 paths that coincide with channel taps (i.e. J = 9) and the bandwidth of 2.7 MHz is occupied by 180 carriers. These channels favor coherent detection. For the same EVA channel model, if the time of path arrivals does not coincide with channel taps, and the receiver is unaware of the channel multipath intensity profile (J = T g B = 13), channel estimation errors will be more pronounced, but QPSK remains the method of choice. These examples represent ''extreme'' radio environments, which have only recently begun to appear on the commercial stage. Ironically, these environments are also the ones that bear most resemblance to the typical acoustic environments, whose distortions have challenged system designers for decades.
While the common wireless radio channels favor coherent detection, counterexamples can be found. These cases occur with very long delay spreads or in highly time-varying environments (either due to high mobility such as with high-speed trains and aerial systems, or in systems operating at very high frequencies, e.g. 60 GHz). In Fig. 6 we have used the channel parameters measured for wireless communication with unmanned aerial systems (UAS) in the L-band frequency range (about 1 GHz) published in [16] . The result suggests that DQPSK is very competitive with QPSK and is the preferred choice at higher SNRs or when receiver arrays are employed on these channels. The main difference between the LTE standard and L-band communication for UAS is that the high speed of the UAS (i.e. up to about 860 km/h) causes significant Doppler shifts, requiring more frequent channel estimation which increases the estimation overhead. 2 The other example is an LTE communication system that has to operate in the extended cyclic prefix mode (T g = 16.7µs) to accommodate longer delay spreads, and has no knowledge of the multipath intensity profile (J = T g B = 45). For such a communication system, DQPSK is clearly the method of choice.
Another interesting observation to be made from Fig. 6 is the change in preference regions that occurs if the number of pilots is not selected optimally, but set to a fixed value. If we use a pre-defined pilot carrier ratio (e.g. α = 1/21 for 2 The channel impulse responses measured in [16] show at least 6 multipath arrivals (J ≥ 6). The UAS motion at 860 km/h causes Doppler shifts as high as 800 Hz, limiting the coherence time of the channel to 250 µs. Given the 500 kHz bandwidth suggested in the L-band Digital Aeronautical Communications System (LDACS1) standard [17] , the number of carriers will be limited to about 100, implying that the minimum value of J /K of about 0.06. Alternatively, if 50 carriers are used (as suggested in the LDACS1 standard), J /K will be twice as large. LTE), the favorable region for DQPSK grows significantly (thin curves in Fig. 6 ). Note that practical systems may indeed use a pre-set number of pilots, i.e. that their achievable rate may deviate from the optimum.
Another issue to address is coherence between adjacent carriers. Referring to the expression (11), this coherence is described by the parameter λ. Fig. 7 shows the multipath-SNR delineating curves for a 4-element receiver and different values of λ. As coherence decreases from λ = 1 (full coherence, to which all previous results correspond) to values below 1, the delineating curve moves to the right, shrinking the region in which differentially coherent detection is preferred. The shrinkage, however, is not significant for practical values of λ. For example, the lowest value estimated for the MACE'10 experiment is λ = 0.96. One should also note that carrier coherence in any wireless system can be controlled by choosing the carrier spacing as narrow as the Doppler effects allow.
Finally, we investigate larger constellation sizes in Figs. 8 and 9 . 3 These figures depict the delineating curves for various constellation sizes. Fig. 8 includes QPSK, 8PSK and 16PSK modulations and their differentially coherent counterparts, with 1, 2 or 4 receiver elements. This figure shows that smaller constellations (i.e. QPSK and DQPSK) are optimal in a low SNR regime, but the optimal constellation size grows with SNR. Furthermore, coherent detection is outperformed by differentially coherent detection for all constellation sizes as the number of channel taps increases. As a result, each of the aforementioned constellations are the best choice in a specific set of conditions. Notably, the regions that favor differentially coherent detection expand with the number of receiver elements in a manner similar to that observed in Fig. 4 . 3 The derivation of the average rate for 8PSK and 16PSK are similar to QPSK and can be derived from [1, Appendix C]. For 16QAM, however, closed form relationship cannot be derived and we have used the numerical evaluation method described in [18] . Delineating curves for QPSK, 8QPSK, 16PSK and their differential counterparts, as well as for 16QAM modulation. The optimal constellation and detection method is noted for each region. Note that 16PSK is absent because it is outperformed by other methods. Fig. 9 includes 16QAM modulation as well as the PSK modulations of varying size. The result shows that 16PSK modulation is outperformed by 16QAM at higher SNRs, although the performance gap is minuscule. 16QAM, however, is outperformed by differential detection of 16PSK when the number of channel taps grows.
VI. CONCLUSION
We compared the average achievable rate for coherent and differentially coherent detection (QPSK and DQPSK) in OFDM systems and illustrated analytical results numerically for several practical channels. To make the comparison fair, an optimal ratio of carriers was dedicated to pilots for coherent detection. The results showed that QPSK does not necessarily outperform DQPSK. In fact, in the highly time-varying channels with a large number of channel taps, the cost of channel estimation (pilot overhead and estimation errors) can outweigh the benefits of coherent detection. This observation is in agreement with the results obtained in [8] and [9] for certain radio channels, as well as in [11] for acoustic channels, where specific DQPSK receivers were demonstrated to be competitive or to outperform a coherent receiver.
Unlike in the existing references, where a comparison is made in terms of the BER only, our analysis was based on the achievable rate as well. We showed that the channel parameters for certain underwater acoustic channels fall in the range that favors DQPSK modulation. This observation specifically explains the experimental observations of [11] , where a custom-made DQPSK receiver for underwater acoustic channels was shown to outperform a typical QPSK receiver. In contrast to the acoustic channels, QPSK can deliver higher data rates for many wireless channels including all standardized LTE channel models. This, however, does not mean that the same applies for all wireless radio channels. Counterexamples include air-ground wireless communication with unmanned aerial systems (UAS) in the L-band frequency range, and LTE communication systems operating in the extended cyclic prefix mode. On these channels, DQPSK becomes the preferred choice as it prevents an undue increase in the channel estimation overhead. Wireless channels at higher frequencies (e.g. at 60 GHz) are another good candidates for application of DQPSK. As radio systems move to higher frequency bands and greater mobility, lessons learned on acoustic channels may become useful for these systems as well.
While this paper focused on QPSK and DQPK constellations, we also showed that similar concepts apply to larger constellation sizes, and for each constellation size, the differentially coherent receiver outperforms the coherent receiver as the number of channel taps grows. Coherent 16QAM receivers were also shown to be outperformed by differentially coherent 16PSK receivers for high SNR channels with a large number of channel taps.
Finally, we showed that since channel capacity is limited by the number of data symbols at high SNR, either increasing the number of receiver elements (the diversity order), or applying soft detection has a significant effect in favor of differently coherent detection due to its negligible pilot overhead. This is particularly important in underwater acoustic channels as array receivers are often necessary to improve the reliability of communication links.
Future work will include additional experimental analyses of underwater acoustic channels and channel models from higher frequency radio channels (e.g. 60GHz range), adding flexibility in power allocation to pilot carriers, and inclusion of higher-order constellations. 
